Monopoles and instantons are sheets (membranes) and strings in d = 5 + 1, respectively, and instanton strings can terminate on monopole sheets. We consider a pair of monopole and antimonopole sheets which is unstable to decay and results in a creation of closed instanton strings. We show that when an instanton string is stretched between the monopole sheets, there remains a new topological soliton of codimension five after the pair annihilation, i.e., a twisted closed instanton string or a knotted instanton.
given by dimensional reduction of (anti-)self-dual equations for instantons along one direction. When one direction of space is compactified to a circle, caloron solutions, i.e., periodic instantons, interpolate between instantons and BPS monopoles. In string theory, instantons regarded as D0-branes inside D4-branes in type II string theory [4, 5] and BPS monopoles regarded as D1-branes stretched between D3-branes in type II string theory [6, 7] are related by a T-duality.
Because of the above mentioned relation between instantons and BPS monopoles, a BPS monopole can be understood to be made of infinite number of instantons. To see this relation more clearly, let us consider a configuration of a monopole string and an anti-monopole string placed on a parallel with each other in d = 4 + 1 dimensions. This configuration is unstable to decay. While a decay of metastable solitons was studied before in field theory [8, 9] , a pair annihilation of a soliton and an anti-soliton has not been studied very well. As anhihilations of a Dp-brane and an anti-Dp-brane in collision result in a creation of D(p − 2)-branes [10] , a collision of monopole stings is not necessary to reach complete annihilation. Rather, there can remain (anti-)instantons in general [11] . The production probability of instantons is maximized when the monopole strings have opposite U(1) moduli [12, 13] . This was shown by putting the system into the Higgs phase with introducing the Fayet-Iliopoulos parameter.
In the Higgs phase, instantons or monopoles cannot exist alone. Instead, they can live inside a non-Abelian vortex [14] [15] [16] [17] [71] inside which instantons and monopoles can be regarded [22] [23] [24] as sigma model instantons (lumps) [25] and kinks [26] [27] [28] [29] , respectively. By doing this, the problem was reduced to annihilations of a domain wall and an anti-domain wall resulting in a creation of lumps inside a non-Abelian vortex.
In this paper, we consider a collision of a monopole sheet and an anti-monopole sheet in d = 5 + 1, which results in a creation of closed instanton strings. Instanton strings can terminate on or stretch monopole sheets in d = 5+1. We construct solutions of monopole and anti-monopole sheets stretched by instanton strings (and attached by instanton string from outside). The idea to show this is putting the system into the Higgs phase by turning on the Fayet-Iliopoulos parameter. Then, a non-Abelian vortex can appear, and an instanton string and a monopole sheet can be realized as a lump string and a domain wall in the non-Abelian vortex, respectively, as mentioned above. We find that when the monopole sheets annihilate in collision, there remains a new topological object of codimension five, that is, a "twisted" closed instanton string. Since it carries the Hopf charge of π 3 (S 2 ) as a knot soliton or a Hopfion does [30, 31] in the vortex world-volume, this new solution can be called a "knotted instanton." The same mechanism works in the different models; Annihilations of a pair of a domain wall and an anti-domain wall result in creations of knot solitons (Hopfion) [32] in the Faddeev-Skyrme model [30] and vortons [31, 33] in two component Bose-Einstein condensates [34] .
This paper is organized as follows. In Sec. II we present composite states of monopoles and instantons inside a non-Abelian vortex in the Higgs phase. In the first subsection, we construct monopoles, a monopole-anti-monopole pair, and instantons in d = 4 + 1 and 5 + 1 dimensions. In the second subsection, we construct instanton strings terminating on monopole sheets, and a pair of monopole and anti-monopole sheets stretched by instanton strings in d = 5 + 1 dimensions. In Sec. III, we study pair annihilations of a monopole and an anti-monopole. In the first subsection, we find that (anti-)instantons are created in pair annihilations of monopole and anti-monopole strings in d = 4+1, and closed instanton strings are created in pair annihilations of monopole and anti-monopole sheets without stretched instanton strings in d = 5 + 1. In the second subsection, we find that a knotted instanton is created when instanton strings are stretched between the monopole and anti-monopole sheets. Section IV is devoted to summary and discussion.
II. INSTANTON STRINGS AND MONOPOLE SHEETS
A. Non-Abelian vortices
We consider 't Hooft-Polyakov monopole strings (sheets) in the BPS limit in an SU (2) gauge theory in d = 4 + 1 (5 + 1) dimensions. We put the system into the Higgs phase by considering the U(2) gauge theory instead of SU (2), where magnetic fluxes from a monopole are squeezed into vortices [24] , which are membranes (3-branes) in d = 4 + 1 (5 + 1) dimensions. The Lagrangian in d = 5 + 1 (4 + 1 or 3 + 1) dimensions, which we consider, is given
with two complex scalar fields in the fundamental representation of SU (2) case m = 0; however, supersymmetry is not essential in our study.
In the massless limit m = 0, the Lagrangian (15) enjoys the SU(2) F flavor symmetry which acts on H from the right side. In this case, the system is in so-called the color-flavor locked vacuum, in which both the color U(2) and flavor SU(2) F symmetries are spontaneously broken, with the color-flavor locked symmetry SU(2) C+F remaining. In this case, the model admits a non-Abelian U(2) vortex solution H = diag. (f (r)e iθ , v), where (r, θ)
are polar coordinates [14, 15] . The vortex solution breaks the vacuum symmetry SU(2) C+F into U(1) in the vicinity of the vortex, and there appear CP 1 ≃ SU(2) C+F /U(1) NambuGoldstone modes localized on the vortex. The low-energy effective theory on the d − 2-dimensional vortex world-volume is the CP 1 model. In the presence of mass, i.e. m = 0, the SU(2) C+F symmetry is explicitly broken, inducing the same type of mass matrix in the d − 2 dimensional vortex effective theory [14, 15, 22, 24, 35] 
Here z 0 (x µ ) corresponds to the position moduli, and the projective coordinate u(x µ ) of CP 1 corresponds to the orientational moduli. The vacua in the vortex theory are u = 0 and u = ∞ corresponding to the north and south poles of the target space
This is known as the massive CP 1 model, which can be made supersymmetric by adding fermions [26] [27] [28] [29] , because the vortex is BPS and preserves/breaks a half of the original supersymmetry when the original theory is made N = 2 supersymmetric. However, supersymmetry is not essential in our study.
B. Monopoles and instantons inside a non-Abelian vortex
Let us construct a monopole solution as a domain wall in the effective theory (2) 
which coincides with the monopole mass E m . It is equivalent to the monopole charge because the monopole is a BPS state. Therefore, the wall in the vortex theory is nothing but a monopole string (sheet) from the bulk point of view [24] .
Second, we construct a pair of a monopole and an anti-monopole placed on a parallel
with each other at x 1 = x Here, the phases or the U(1) zero modes ϕ 1 and ϕ 2 of the monopole and anti-monopole are arbitrary. Later, we consider the case that they are opposite to each other, ϕ 1 = ϕ 2 + π, as in Fig. 2 . In this case, the configuration is mapped to a large circle in the CP 1 target space, as in Fig. 2(c) . A similar configuration was studied before on a circle in the x 1 -direction, and the classical (in)stability was discussed [39] .
On the other hand, Yang-Mills instantons in the bulk are sigma model lumps with the topological charge in π 2 (CP 1 ) [25] in the vortex effective theory [22, 23] . This can also be inferred from the lump energy, which coincides with the instanton energy; The Kähler class (the coefficient of the kinetic term) 4π g 2 in the vortex theory (2) implies that the energy 2πk of k lumps inside the vortex theory reproduces the energy E i of k instantons in the bulk [22, 23] :
Since they are BPS states, this coincidence implies the coincidence between the topological charges π 2 (CP 1 ) and π 3 (SU(2)) of lumps and instantons, respectively. With a complex coordinate z ≡ x 2 + ix 3 , the instanton solutions are given as
with the moduli parameters z ± i and the instanton number k = max(k + , k − ).
C. Composite states of monopole and instantons
In this subsection, we construct composite states made of monopole sheets and instantons strings in d = 5 + 1 dimensions. First, we consider k instanton strings ending on a monopole sheet in d = 5 + 1 as k lump strings ending on a domain wall in the vortex effective theory.
Such a configuration can be constructed as [36] [37] [38] with
This solution precisely coincides with a BIon [40] [41] [42] in the Dirac-Born-Infeld action on a D2-brane, and so, this was referred to as a "D-brane soliton" [36] . The monopole sheet surface in the above solution is logarithmically bent, as in Fig. 3(a) .
We can also place the instanton strings on the both sides of the monopole sheet with Eq. (8) by using [19, 38] 
where z ± i and k ± denote the positions and numbers of instanton strings extending to x 1 → ±∞, respectively. If the numbers of the instanton strings coincide on both sides, i.e., k 1 = k 2 , the monopole sheet surface is asymptotically flat, as in Fig. 3(b) .
Finally let us consider the instanton strings stretched between the monopole sheets in can be obtained from Eq. (5) as [32, 34] 
with Z(z) in Eq. (9) for k stretched instanton strings, or Eq. (10) for k 2 stretched instanton strings and k 1 instanton strings attached from outside. In the next section, we take ϕ 1 = ϕ 2 + π. [43] [44] [45] [46] , with arbitrary number of instanton strings stretching between them or terminating on them [38] . Such configurations were also considered in [18] without putting them into a non-Abelian vortex.
III. PAIR ANNIHILATIONS OF MONOPOLE AND ANTI-MONOPOLE SHEETS A. Instantons from annihilations of a monopole and an anti-monopole
The configuration of the monopole and anti-monopole is unstable to decay. We discuss the process of monopole decay following the corresponding case of domain walls [11, 32] .
Here, we first discuss the case of d = 4 + 1 dimensions in which monopoles and instantons are strings and particles, respectively. In the decaying process, the loop in the target space is unwound from the south pole ⊗ in Fig. 2(c belong to, respectively, +1 and −1 of π 2 (CP 1 ). As already explained in Eq. (7), the (anti-)lumps in the vortex effective theory correspond to (anti-)Yang-Mills instanton particles in the d = 4 + 1 bulk [22, 23] . Therefore we have seen that (anti-)instantons are created after the annihilation of the monopole and anti-monopole inside the vortex world-volume. In this section, we discuss the effect of instanton strings stretching between the monopole and anti-monopole sheets in Fig. 4 . As in the case without a stretched instanton string, the configuration itself is unstable to decay, and closed instanton strings are created. A created closed instanton string is not twisted, as before in Fig. 7(c) , if it does not enclose the stretched instanton strings, as the loop A in Fig. 8(a) . However, if the closed instanton string encloses n stretched instanton strings, as the loops B and C in Fig. 8(a) , it is twisted n times. A closed instanton string twisted once is shown in Fig. 8(b) . The vertical section of the torus in the x 1 -x 2 -plane is a pair of an instanton and an anti-instanton. Moreover, the presence of the stretched string implies that the phase modulus of the instanton winds anti-clockwise along the loops, as is indicated by the arrows on the top and bottom of the torus in Fig. 8(b) . When the instantons in the pair rotate along the x 1 -axis, their phases are twisted and connected to each other at the π rotation. Compare this with the untwisted closed instanton string in Fig. 7(c) . This configuration is nothing but a Hopfion [47] [48] [49] in the CP 1 model as the vortex effective theory. One can confirm that the configuration has a unit Hopf charge as follows.
A preimage of a point on CP 1 is a loop in real space. When two loops of the preimages of two arbitrary points on CP 1 have a linking number n, the configuration has a Hopf charge n. See, e.g., Refs. [50] [51] [52] for a recent discussion. In Fig. 9 , we plot the preimages of ↑ and ↓, which are linked with a linking number one. Thus, we obtain a knot soliton with a Hopf charge of one (a Hopfion) inside the non-Abelian vortex. Similarly, a created instanton string enclosing n stretched instanton strings yields a knot soliton with a Hopf charge of n inside the non-Abelian vortex.
FIG. 9:
The preimages of ↑ and ↓ make a link with the linking number one, implying that the configuration is a knot soliton with the Hopf charge one, i.e., the Hopfion.
To close this section, we discuss the stability of the knotted instanton. Knot solitons in the Faddeev-Skyrme model [30] are stabilized by the Faddeev-Skyrme term containing quartic derivatives. The width of the lump strings (the size of the lumps) are fixed by the balance between the potential and quartic derivative terms, which make the solitons to shrink and to expand, respectively. The lump-string (lumps) whose size is fixed as this are known as baby-skyrme strings (baby skyrmions) [53] [54] [55] , while the domain walls are essentially unchanged in the presence of the quartic derivative terms [56, 57] .
The effective Lagrangian of the non-Abelian vortex with the quartic derivative correction can be written in genenal as [58] 
By defining a three vector
the Lagrangian can be rewritten as
in which we have used n · ∂n = 0. The first term in L 4 (n) is nothing but the FaddeevSkyrme term [30] which stabilizes a knot soliton, while the second term, sometimes called the Gies term [59] , tends to distabilize a knot soliton [60] [61] [62] . The latter is inevitable in supersymmetric extension of the Faddeev-Skyrme model [63] [64] [65] . In fact, the effective Lagrangian of the non-Abelian vortex with the quartic derivative correction was obtained recently in the case of the BPS vortex in supersymmetric theory [66] , in which it was found
and f 2 = 4π/g 2 . In this case, the lump is scale invariant and has a size modulus, which implies that the knot soliton is not stabilized.
However we are working in a non-supersymmetric theory because the mass term in the 
IV. SUMMARY AND DISCUSSION
In summary, when a pair of a monopole sheet and an anti-monopole sheet annihilates in collision inside a non-Abelian vortex, there appear closed instanton strings. When an instanton string is stretched between the monopole sheets, a closed instanton string that encircles the stretched string becomes a twisted closed instanton string, which is a knotted instanton.
It was essential to create closed or knotted instanton strings that (anti-)monopoles have world-volumes in this dimensionality. In d = 3 + 1, (anti-)monopoles are particle-like, and therefore after pair annihilations they turn to just radiations.
In this paper, we have found that instanton strings in d to each other by a duality, which is understood as the T-duality if embedded into string theory [68] . If we take a T-duality along a non-Abelian vortex world-volume, instantons and monopole inside it are mapped to each other [22] , while we take a T-duality along a direction perpendicular to the vortex world-volume for the above duality.
In this paper, we have worked in flat Minkowski space. On the other hand, if one considers compactification to S 1 and/or S 2 , some exact solutions are available. In particular, the explicit monopole-antimonopole chain solutions on the space S 1 × S 2 were constructed in Ref. [69] . These exact solutions should be useful for understanding of decay of monopoles into instanton strings.
Our knotted instantons can be regarded as higher dimensional generalization of the vortons. The vorton is a twisted closed vortex string in d = 3 + 1 [31, 33] . The vortons are usually expected to be stabilized by the Noether charge with giving a linear time dependence on the U(1) Nambu-Goldstone mode of the vortex. We may have to do the same for the stability of the knotted instanton, in which an instanton becomes a dyonic instanton [70] .
Here we address what are not solved in this paper.
First, the topological charge π 3 (S 2 ) of the knotted instanton can be defined in the vortex theory. However the topological charge in the bulk point of view is still unclear.
Second, the dynamical stability of the knotted instanton should be clarified. It remains as a future problem to derive the fourth derivative term stabilizing the knot soliton in the effective theory of the non-Abelian vortex. It is also an open question if the knotted instanton is stable when the system is put into the unbroken phase in the limit of vanishing v 2 , in which the host non-Abelian vortex disappears.
